Abstract-We propose a method for automatically determining the amount of each ingredient used to prepare a commercial food using the information provided on its label. The method applies when no part of any ingredient is removed in the preparation process and as long as we can collect the nutrition data (e.g., from the USDA Food Database) for at least some of the ingredients. Using this information, we first find a set of initial minimum and maximum bounds for each ingredient amount. Then we improve these maximum and minimum bounds using an iterative method. The resulting bounds on the ingredient amounts can then be used to estimate the nutrient content of the food. We tested this approach for estimating the phenylalanine content of various commercial foods. Phenylalanine is an amino acid that must be carefully monitored when treating patients with the metabolic disease phenylketonuria (PKU). Our numerical tests indicate that the accuracy of our method is within an acceptable range (10mg Phe) for most of the foods we considered. We implemented a web-based application of our proposed method for public use. Our method should be applicable to the estimation of nutrients involved in the management of other medical diets.
I. INTRODUCTION
People on a medical diet must constantly be aware of the nutritional content of the food they consume. Unfortunately, the information printed on the label of a commercial food is nowhere near complete. In fact, it is not even sufficient to be able to re-create the food. In particular, while the ingredients are listed on the label, the exact amounts used are unknown. The Nutrition Facts Label provides additional information by listing the content of some nutrients. However, the numbers given are rounded up. For example, the protein content is usually rounded up to the nearest gram. For people who must follow a medical diet, the missing information can be problematic because following such diets can require knowing the nutrient content of the food beyond the precision of the food label. In some cases, the nutrients of interest are not even listed on the food label. Being able to automatically determine the ingredient amounts could solve this problem, as the nutrient content of most basic ingredients can be obtained from a food database. Unfortunately, as far as we know, there has been no previous work on this problem.
We propose to determine the amount of each ingredient used to prepare a commercial food using the food label, the ingredient list, along with the USDA Food Database [1] (USDA database). Our motivating application is the management of inherited metabolic diseases, the most common of which is phenylketonuria (PKU) with an incidence of about 350 in million births in the United States [2] . PKU is characterized by an inability to metabolize the amino acid phenylalanine (Phe), which leads to an abnormal accumulation of Phe in the patient's blood [3] . The classical treatment for this disease involves following a strict Phe-restricted diet [4] . The Pherestricted diet is required especially for newborn babies with PKU in order to avoid intellectual disorder [5] [6] . In addition, this dietary treatment has positive effects even on previously untreated adults [7] as well as for pregnancy with PKU [8] .
The USDA database is commonly used to determine the Phe content of foods consumed by PKU patients, as the Phe content of commercial foods is not typically listed in the food label. However, this database, which is considered very extensive, only lists the Phe content for a very limited number of food items (4843). There are other databases available, such as [9] , [10] and [11] , but the cost and time needed for testing foods for their Phe content limits the usability of such databases, considering the enormous variety of foods available on the market today. As the Phe content of commercial foods is not listed in the food label, being able to automatically estimate the Phe content of a food from the information found on its label would be a useful tool for managing PKU. In previous work [12] , we have shown that the protein content can be used to roughly estimate the Phe content of the food (See Table I ). The method we propose in this paper yields a lot more accurate results.
Given is a commercial food. Denote by x the serving size of the food, and let n be the number of ingredients used in the recipe. Both x and n can be obtained from the information printed on the packaging of the food, namely from the Nutrition Facts Label and the ingredient list. Let A i denote the unknown weight (in grams) of ingredient i, for i = 1, . . . , n. Since the ingredients are listed in decreasing order, we have A i ≥ A i+1 . If no part of any ingredient is removed in the preparation process, we have
The food label gives us the rounded up content y nut of many nutrients (for example, the nutrient protein). We can look for the amount y nut i of nutrient "nut" in one gram of ingredient i in the USDA database. If no part of any ingredient is removed in the preparation process and Δ nut is the rounding error of 
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One can look for bounds for the unknown nutrient content found by using linear programming methods for the optimization problem constrained by Equation (1)- (3). Unfortunately, many commercial foods include ingredients not listed in the USDA database: y nut i is unknown for these ingredients, making the problem non-linear. Furthermore, it is sometimes difficult to select the correct ingredients in the USDA database, as different variations of an ingredient can be listed. This may yield an inconsistent linear system for which linear programming methods would fail to find any possible solution.
To address these issues, we propose an iterative method for obtaining a maximum bound and a minimum bound for each ingredient amount A i , i = 1, . . . , n. This method, which can be viewed as an approximate inverse recipe method, is applicable even if the nutrient data y nut i of some ingredients is missing or unknown: only the nutrition information that is known is used in the optimization. We describe and test our proposed approximate inverse recipe method in Section II. In Section III, we apply our approximate inverse recipe method to the problem of estimating the Phe content of commercial foods. We conclude in Section IV.
II. APPROXIMATE INVERSE RECIPE METHOD
We now describe our approximate inverse recipe method to obtain bounds for the amount A i of each ingredient contained in a commercial food, i = 1, . . . , n.
A. Initial range estimate
To obtain a set of initial values for the minimum bound and the maximum bound for each ingredient amount A i , we use the following two lemmas.
satisfy Equation (1) and (2) , then
Proof:
Dividing each side by i, we get
In addition,
Dividing each side by n, we have a minimum bound for
satisfy Equation (3) and y nut i = 0, then
Equality holds for some i 0 only if ingredient i 0 is the sole ingredient containing the nutrient.
Proof: Suppose that
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is true for all i. Now considering equality on (6), assume that there are more than one ingredient containing the nutrient. If
since there exists another index t then i 0 such that y nut t > 0 by assumption. This is a contradiction.
We obtain initial bounds for each A i by combining Equations (4), (5) and (6), as described in Procedure 1. Note that the Procedure takes into account the rounding errors (Δ nut and Δ nut i ) in the nutrient contents listed on the food label and in the USDA database.
B. Iterative method to narrow the range estimate
The initial bounds A imin ≤ A i ≤ A imax can be refined using the equation
,j =i A jmin and so Procedure 2 can be used to narrow the range of each
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A i such that
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Thus,
and
Combining these inequalities with Equation (7),
Therefore, dividing each side by y nut k , we can conclude that
Lemma 3 yields methods to increase the minimal bound (Procedure 3) and to decrease the upper bound (Procedure 4). Note that the minimal bound can only be refined if y nut k is known for all k. Otherwise, the bound remains as it is. This is not the case for the maximum bound.
To estimate the A i 's, we first pick a set of nutrients of interest. We then apply Procedure 1 (running over all selected nutrients), followed by Procedure 2. After that, we keep repeating Procedure 3 and Procedure 4 (running over all selected nutrients), followed by Procedure 2, until our estimates change by a total of less than 10 −5 between consecutive repetitions. (In other words, we iterate until sum of the changes in all the minimum bounds and all the maximum bounds is less than 10 −5 .) Observe that, in this iterative method, the changes in the minimum and maximum bounds interact to help to reduce the gap between each other. The algorithm is described in Figure  1 . 
C. Numerical Experiments
To directly test our method for estimating the amount of each ingredient in a commercial food, we would need to have the true ingredient amounts. For good reasons, manufacturers are unwilling to share this information. However, we can test the accuracy of our method by looking at the difference between the estimated maximum and the estimated minimum of each ingredient. If our method works well, these differences should become smaller as we consider more nutrients.
To test this, we estimated the ingredient amounts of foods using a subset (in order) of the following nutrients: protein, sodium, calories, carbohydrates, fat, and cholesterol. We first estimated the minimum and maximum ingredient amounts for a commercial food, called "Spicy Brown Mustard". In Figure  2 , we indicate the minimum and maximum bounds for each ingredient as the portions that the ingredient contributes to a serving size of the food. The numbers in the figure show that, as we took more nutrients into account, the minimum and maximum bounds for the ingredient amounts increased and decreased, respectively. Notice that an increment in minimum bounds occurs only when there exist some changes in maximum bounds. This shows that the minimum and maximum bounds for the ingredient amounts improve coherently and eventually approach each other.
This phenomenon is illustrated in Figure 3 . As expected, the estimated maximum and minimum ingredient amounts tended to decrease and increase as we considered more nutrients. As a result, the range of the estimates (measured the ratio of the difference between the maximum and the minimum and the serving size in Figure 3 ) decreased. In some cases (e.g., Spicy Brown Mustard in Figure 3(a) ), the range decreased to nearly zero (< 0.2 % of serving size) for all ingredients with only 4 nutrients. In other cases (e.g., Garlic mashed potatoes in Figure 3(b) ), we failed to obtain a good estimates for some of the ingredients even though we obtained a near perfect estimate for the other ingredients with just two nutrients. Clearly, the accuracy of our method depends on the food considered and can vary for one ingredient to the next.
The experiment with one serving of a cracker named "Carr's Whole Wheat Crackers" shows how a set of bounds converges toward each other as we iterate more. We approximated the minimum and maximum bounds for the amounts of ingredients used to prepare the cracker with six iterations described in section II-B using six nutrients (protein, sodium, calories, carbohydrates, fat, and cholesterol), presented in Table II . The initial minimum bounds of ingredient amounts were zero, except for Ingredient 1. However, as we iterate our method more times, the minimum bounds for Ingredient 2, 3, and 4 increased gradually toward their maximum bounds. At the same time, the maximum bound for each ingredient decreased.
III. APPLICATION TO PHENYLALANINE (PHE) CONTENT ESTIMATION
A nutrient that is not listed on the Nutrition Facts Label is the amino acid phenylalanine (Phe). If we knew A i , the amount of ingredient i, along with p i , the number of milligrams of Phe per gram of ingredient i, then p i A i would be the Phe contributed by ingredient i, and the total Phe in the food would be Σ n i=1 p i A i . Therefore, we have the following bounds for the Phe content,
where A imin and A imax are the bounds for A i obtained from our approximate inverse recipe method, i = 1, . . . , n.
A. Numerical Experiments
We estimated the Phe content of various commercial foods using our approximate inverse recipe method and six nutrients (protein, sodium, calories, carbohydrates, fat, and cholesterol). The minimum bound and the maximum bound obtained are written in parenthesis in the last column of Table III . A majority of the cases (16 out of 25), the range obtained is less than 10 mg Phe. Some of the ranges we obtained are much larger, but they could potentially be decreased by using more nutrients. For comparison, we also estimated the Phe content using the Simplex method to solve the linear problem defined by Equation (1), (2), and (3). Unfortunately, we were unable to get any result most of the time (18 out of 25). Due to an overdetermined linear system, we could not find an initial feasible solution for the foods. We indicated the case with superscript 'c' in Table III . However, when we did obtain a result, then the range was contained in the range we obtained with our method, as expected. This is shown in Figure 4 . We can observe that the minimum and maximum bounds were below and above the equality line, respectively. Furthermore, the points in Figure 4 appear near the equality line except one maximum point and one minimum point. This implies that the results from our approximate inverse recipe method were fairly close to the results from the Simplex algorithm. [1] and a low-protein food database [9] when available. We wrote 'N/A' when there was no data found for a food item in the database. We can observe that only a part of food items has Phe information from the databases, namely 24% (6 out of 25) of food items do not have any data from both databases.
One discrepancy between our result and ground truth observed is butter, for which the Phe content from the lowprotein food database is almost half of our minimum bound. This is because part of the cream used to make butter is discarded in the preparation, and so our assumptions are not satisfied. Rice krispies cereal and waffles are also outside of the range we obtained, perhaps because of the significant drying of the ingredients in the cooking process. All other estimates (22 out of 25) are within no more than 3 mg from at least one of the database numbers. As expected, the minimum bounds from our method were smaller than the minimum bounds from the Simplex algorithm, and the maximum bounds from our method were higher than the maximum bounds from the Simplex algorithm.
IV. SUMMARY AND CONCLUSIONS
We proposed a method for estimating the amount of each ingredient used to prepare a commercial food based on the Nutrition Facts Label and the Ingredient list. The method assumes that the ingredients are listed in decreasing order based on their weight and that no part of any ingredient was removed in the preparation process. The method uses a food nutrient database to look for the nutrient content of the ingredients. However, the method applies even if the nutrient contents of some ingredients are unknown or only partially known.
The output of this approximate inverse recipe method is a minimum bound and a maximum bound for the weight of each ingredient. The method is iterative, and takes into account a set of predetermined nutrients. As more nutrients are considered, the minimum bound and the maximum bound tend to get closer. In some cases, they become nearly identical with only two nutrients. For a given food, the accuracy of the estimates for the different ingredients can vary. In particular, even if the amount of one ingredient can only be roughly estimated, the amount of the other ingredients may still be found accurately. Table II illustrates the effect of our iterative method: the zero minimum bounds used initially all increase to positive values after only one iteration, except for the ingredient with the smallest portion. As we iterate more, the estimates improve each other conjunctly. In other words, the increase in the minimum bounds decrease the maximum bounds, and vice versa. Furthermore, the estimates for an ingredient narrows the consecutive estimates for all other ingredients.
A direct application of our approximate inverse recipe method is the estimation of the nutrient content of a food. In the case where the rounded nutrient content is listed on the food label, our method can be used to obtain a more accurate estimate than the rounded number given. In the case where the nutrient content is not listed on the label, our method can be used to obtain an estimate for the nutrient content. The idea is to multiply the nutrient per weight factor for each of the ingredient (obtained from a food nutrient database) by the minimum and maximum bounds for the ingredient weight, respectively, to obtain minimum and maximum bounds for the nutrient contribution of each ingredient. (Note that this can be done even if the nutritional data for the ingredients is incomplete, as long as the nutrient per weight factor is known for that ingredient.) Adding up the contribution of all the ingredients gives an estimate for the total nutrient content of the food.
To illustrate this, we used our method to approximate the phenylalanine (Phe) content of various commercial foods. In a majority of cases, the range we obtained was less than 10 mg. When available, we compared our estimates with the USDA database [1] data and with a low-protein food database [9] data. Overall, we found a good agreements between the data found in these databases and our results (Table III) .
When we were able to obtain the nutritional data for every ingredient, we also compared our estimate with that obtained by solving the linear optimization problem taking into account all the inequalities given by the nutritional data. Our implementation was based on the Simplex method. In many cases, numerical issues prevented us from getting any estimate at all with this method. In other cases, we were unable to obtain an answer with that method because we did not have the nutritional data for all the ingredients. However, when this
